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1. INTRODUCTION 
Recently, Park and Kim [1,2] introduced the concepts of admissible set-valued mappings and 
generalized convex (or G-convex) spaces which include many classes of known set-valued mappings 
and the topological spaces with various convex structure of appearing in nonlinear analysis, 
respectively, as special cases. These concepts have become adequate and important ools to 
study various problems in nonlinear analysis. 
In this paper, by applying anew coincidence theorem involving admissible set-valued mappings 
and the set-valued mappings with compactly local intersection property due to the author, some 
new existence theorems of solutions of abstract generalized variational inequalities and generalized 
equilibrium problems are proved in generalized convex spaces. These theorems improve and 
generalize a number of known results in recent literature. 
2. PREL IMINARIES  
Let X and Y be two nonempty sets. We denote by 2 Y and ~'(X) the family of all subsets 
of Y and the family of all nonempty finite subsets of X, respectively. For any A E 5"(X), we 
denote by [A I the cardinality of A. Let An be the standard n-dimensional simplex with vertices 
eo, e l , . . . ,  en. If J is a nonempty subset of {0,1,... ,  n}, we denote by Aj  the convex hull of the 
vertices {ej : j E J}. A topological space X is said to be contractible if the identity mapping Ix  
of X is homotopic to a constant function. A topological space X is said to be an acyclic space if 
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all of its reduced Cech homology groups over the rationales vanish. In particular, any contractible 
space is acyclic, and hence, any convex or star-shaped set in a topological vector space is acyclic. 
The following notions were introduced by Ding [3]. A subset A of X is said to be compactly 
open (respectively, compactly closed) in X if for any nonempty compact subset K of X, A n K 
is open (respectively, closed) in K. For any given subset A of X, we define the compact closure 
and the compact interior of A, denoted by ccl (A) and cint (A) as 
ccl (A) = N{B c x : A c B and B is compactly closed inX}, and 
cint (A) = U{B c X : B C A and B is compactly open in X}, 
respectively. It is easy to see that cint (A) (respectively, ccl (A) is compactly open (respectively, 
compactly closed) in X and for each nonempty compact subset K of X, we have ccl (A) n K = 
CIK(A n K) and cint (A) n g = intK(A n K) where clK(A n K) and intK(A n K) denote the 
closure and the interior of A n K in K, respectively. It is clear that a subset A of X is compactly 
open (respectively, compactly closed) in X if and only if cint (A) = A (respectively, ccl (A) = A). 
Let X and Y be two topological spaces and G : X --* 2 Y be a set-valued mapping. The graph 
of G is the set Gr(G) = {(x,y) e X × Y : y E G(x)}. G is said to be transfer compactly 
open-valued (respectively, transfer compactly closed-valued) on X if for x E X and for each 
nonempty compact subset K of Y, y E G(x) n K (respectively,  ~ G(x) n K) implies that there 
exists a point x' e X such that y E intK(G(x') n K) (respectively,  ~ ClK( G(x') n K) ). Clearly, 
each open-valued (respectively, closed-valued) mapping G : X -* 2 Y is transfer open-valued 
(respectively, transfer closed-valued) (see Definitions 6 and 7 of [4]) and is also compactly open- 
valued (respectively, compactly closed-valued). Each transfer open-valued (respectively, transfer 
closed-valued) mapping G : X --* 2 y is transfer compactly open-valued (respectively, transfer 
compactly closed-valued) and the inverse is not true in general. 
Let X and Y be two topological spaces. A mapping G : X --* 2 Y is said to be compact if 
G(X) is included in a compact subset of Y. G is said to have the local intersection property 
on X if for each x E X with G(x) ~ O, there exists an open neighborhood N(x) of x in X such 
that nzeN(x)G(z) ~ 0 (see [5]). The example in [5, p. 63] shows that a set-valued mapping 
with the local intersection property may not have the property of open inverse values. Now, 
we introduce the following new notion for set-valued mappings. G : X ~ 2 Y is said to have 
the compactly local intersection property on X if for each nonempty compact subset K of X 
and for each x E K with G(x) ~ O, there exist a open neighborhood N(x) of x in X such that 
nzeN(x) N K G(z) ~ O. Clearly, if G has the compactly local intersection property, then for any 
compact subset K of X, the restriction GIK : K --+ 2 Y of G on K has the local intersection 
property. It is also clear that each set-valued mapping with the local intersection property have 
the compactly local intersection property and the inverse is not true in general. 
Let X and Y be two topological spaces. For a given class L of set-valued mappings, L(X, Y) 
denotes the set of set-valued mappings T : X ~ 2 Y belonging to L, and Le the set of finite 
composites of set-valued mappings in L. 
Let/4 denote the class of set-valued mappings atisfying the following properties: 
(1) /4 contains the class C of (single-valued) continuous mappings; 
(2) each F E ble(X, Y) is upper semicontinuous with nonempty compact values; 
(3) for any standard n-simplex An, each F e/4c(An, An) has a fixed point. 
Examples of the class/4 are C, the Kakutani mappings K (with convex values), the Aronszajn 
mappings M (with R6 values), the acyclic mappings V (with acyclic values), the approachable 
mappings A and the admissible mappings in the sense of Gorniewicz and others. For details, 
see [1,2]. 
A class/4c ~ of set-valued mappings is defined as follows: F E/4c(X, Y) if and only if for any 
compact subset K of X, there exists a F* E/4c(K, Y) such that F*(x) C F(x) for all x E K. The 
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class/~ of set-valued mappings was introduced by Park [1,2] and is called the class of admissible 
set-valued mappings. The class/4c ~ includes many important classes of set-valued mappings in 
nonlinear analysis as special cases, see [1,2] and the references therein. 
The following notion of a generalized convex (or G-convex) space was introduced by Park and 
Kim [1,2]. (X,D;F) is said to be a G-convex space if X is a topological space, D is a nonempty 
subset of X and F : ~'(D) --* 2 x is such that 
(1) for each A,B  E :F(D), A C B implies F(A) c F(B); 
(2) for each A e ~'(D) with IA] = n + 1, there exists a continuous mapping CA : An --* F(A) 
such that B E ~'(A) with IB[ = J + 1, implies ~)A(AJ) C F(B), where Aj  denotes the 
face of An corresponding B E ~'(A). 
When D = X, we write (X; F) in place of (X, X; F). Let (X, D; F) be a G-convex space and 
K C X. K is said to be G-convex if for each N E 9V(D), N C K implies F(N) C K. A function 
f : K --* RN{+oo } is called G-quasiconcave (respectively, G-quasiconvex ) if for each A E R, 
the set {x E K : f(x) > A} (respectively, {x E K : f(x) < A}) is G-convex. The concept of 
G-convex space is a generalization ofmany topological spaces with various convex structure, and 
it includes convex space due to [6,7], pseudo-convex space due to [8], simplicial convexity due 
to [9], H-space due to [10,11], etc., as special cases. For details, see [1,2]. 
In order to prove the main theorems, we need the following results. 
LEMMA 2.1. (See [12].) Let X and Y be topological spaces, K be a nonempty compact subset 
of X and G : X ~ 2 Y be a set-valued mapping such that G(x) ~ @ for each x E K. Then the 
following conditions are equivalent: 
(I) G has the compactly local intersection property, 
(II) for each y E Y, there exists an open subset Oy of X, (which may be empty) such that 
Oy N K c G-l(y) and K = Uver(ou NK),  
(III) there exists a set-valued mapping F : X - .  2 v such that for each y E Y, F - l (y)  is open 
or empty in X; F- l (y)[7 K C G -1 (y), V y • Y, and K = Uuer ( F-1 (y)N K). 
(IV) for each x • K, there exists y • Y such that x • c intG- l (y)N K and 
K= U(c in tv - , (y )nK)  = U • 
yEY yEY 
(V) G -1 : Y --* 2 x is transfer compactly open-valued on X. 
REMARK 2.1. Lemma 2.1 improves and generalizes Lemma 1 of [13,14] and Lemma 2.1 of [15]. 
The following result is Theorem 3.5 of [16]. 
THEOREM 2.1. Let (X, D; F) be a G-convex space and K be nonempty compact subset of a 
topological space Y. Let F • LI~(X, Y), G : Y --* 2 D and T : Y ~ 2 x be such that 
(i) G satisfies one of the conditions (I)-(V) in Lemma 2.1, 
(ii) for y • F(X),  Y • ~'((cint G-1)- l(y)) implies r(Y)  c T(y), 
(iii) F(X)  N g c UxeD G-l(x), 
(iv) one of the following conditions hold: 
(a) for some M • ~'(D), Y \ g C UxeM cint (G -1 (x)), 
(b) for each N • ~'(D), there exists a compact G-convex subset LN of X containing N 
such that 
F(LN) \ K C U tint (G-l(x))" 
xELNND 
Then there exists (xo, Yo) • X x Y such that xo • T(yo) and yo • F(xo). 
REMARK 2.2. Theorem 3.5 generalizes Theorems 4.2 and 4.3 of [3], Theorem 3.1 of [17], Theo- 
rem 1 of [2], and many recent known results; see the Remarks 4.2 and 4.3 in [3] and the remarks 
in [1, p. 1781. 
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THEOREM 2.2. (See [i6, Theorem 3.6]) Let ( X, D; F) be a G-convex space and Y be a topological 
space. Let F •/g~(X, Y) be a compact mapping, G : Y --* 2 D and T : Y ~ 2 x be such that 
(i) G satisfies one of the conditions (I)-(V) in Lemma 2.1, 
(ii) for each y • F (X) ,  N • Y(G(y)) implies r (Y)  c T(y), 
(iii) F(X) c UxeD G-l(x) • 
Then there exists (Xo, Yo) • X x F (X)  such that Xo • T(yo) and Yo • F(xo). 
THEOREM 2.3. Let (X, D; F) be a G-convex space and K be a nonempty compact subset of X .  
Let G : X ~ 2 D and T : X ~ 2 x be such that 
(i) G satisfies one of the conditions (I)-(V) in Lemma 2.1, 
(ii) for each x • X ,  N • 9r((cint G-1)- l (x))  implies r(N) c T(x), 
(iii) for each x • K,  G(x) ~ 0, 
(iv) for each N • ~'(D), there exists nonempty compact G-convex subset L~v of X containiag 
N such that, 
LN \K  C U cant(G-l(x)). 
xELNnD 
Then there exists a point ~. • D such that ~ • T(k). 
PROOF. Let Y = X and F(x) = (x} be the identity mapping. Then F • O(X ,X)  C 14~(X,X) 
and Conditions (iii) and (iv) imply that Conditions (iii) and (iv)(b) of Theorem 2.1 hold. It 
is easy to check that all conditions of Theorem 2.1 are satisfied. The conclusion follows from 
Theorem 2.1. 
3. ABSTRACT GENERAL IZED VARIAT IONAL INEQUALITIES 
Let (X, D; F) be a C-convex space, Y be a topological spaces, and A • R. A function f : 
X x Y --* R U{±~} is said to be A-transfer compactly lower (or, upper) semicontinuous in y ff 
for each compact subset K of Y and for each y E K, there exists x E X such that f(x, y) > A (or, 
f(x,  y) < A) implies that there exist a open neighborhood N(y) of y in Y and a point x I • Y such 
that f(xl ,  z) > A (or, f (x , z )  < A) for all z • N(y) n K (see [3]). It is easy to see that if we define 
a mapping G : Y --* 2 x by G(y) = {x • X : f (x ,y )  > A} (or, G(y) = {x • X : f (x ,y )  < A}) 
for some A E R, then G has the compactly local intersection property if and only if f (x ,  y) 
is A-transfer compactly lower (or, upper) semicontinuous in y. Let T : X --, 2 Y be a set- 
valued mapping. A function ¢ : X x Y x D --* R is said to be A-transfer compactly upper 
semicontinuons in x with respect o T if for each compact subset K of X and for each x • K,  
the set {z • D : sup~eT(x)¢(x, y, z) < 0} ~ 0, there exist an open neighborhood N(x)  of x and 
a point z ~ • D such that suP~eT(u)¢(u,y,z ~) < A for all u • N(x )AK .  If we define a mapping 
G : X --* 2 D by G(x) = {z • D : suPueT(x)¢(x, y z) < A}, then G has the compactly local 
intersection property if and only if ¢(x, y, z) is A-transfer compactly upper semicontinuous at x 
with respect o T. 
We first prove the following lopsided saddle-point theorem. 
THEOREM 4.1. Let (X;F) be a compact G-convex space, Y be a topological space and F • 
14~(X, Y).  Let f : X x Y --. R be a real function such that 
(i) f (x ,y )  is lower semicontinuous on X x Y and for each fixed x • X ,y  ~-* f (x ,y )  is also 
upper semicontinuous on X,  
(ii) for each y • Y, x ~-* f (x ,  y) is G-quasiconvex. 
Then there exist xo • X and Yo • F(xo) such that 
l(x0, y0) _< l (u, yo), Vu • x .  
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PROOF. Since X is compact, we may assume that F E L/c(X, Y), and hence, F is upper semicon- 
tinuons on X with compact values. By Proposition 3.1.11 of [18], F(X)  is compact, and hence, 
F is  a compact mapping. For each n = 1,2, . . . ,  define a mapping Gn : Y --, 2 X by 
Gn(y) = {x  E X : f (x ,y )  - minuexf (u ,y )  < l } . 
It is clear that for each x E X,  Gn(x) ~t O. Since f (x ,  y) is lower semicontinuous on X × Y 
and X is compact, from Theorem 1 of [19, p. 67], it follows that the function y ~-~ minuexf (x ,y )  
is lower semicontinuous onY. Hence, for each fixed x • X,  y ~-* f (x ,  y ) -  minuexf(u,  y) is upper 
semicontinuous on Y by (i). It follows that the set 
G~'(y) = {y  E Y : f (x ,y )  - min, ex f (u ,y )  < 1}  
is open in Y, and hence, G~ 1 is transfer compactly open-valued. By Condition (ii), we have that 
for each y • Y,  Gn(y) is G-convex. All conditions of Theorem 2.2 with D = X and G = T are 
satisfied. Hence, there exists (xn, Yn) • X x Y such that xn • Gn(Yn) and Yn • F(xn),  i.e., 
(xn, Yn) • Gr(F)  and 
1 
f (xn,  Yn) - min~exf(u,  Yn) < - ,  V n = 1, 2, . . . .  (4.1) 
n 
Since X and F(X)  are both compact, without loss of generality, we may assume that xn - ,  xo 
and Yn --* Yo. By the upper semicontinuity of F, we have Yo • F(xo). By (i), it is easy to show 
that the function (x, y) ~ f (x ,  y) - minuexf(u,  y) is also lower semicontinuous on X × Y. It 
follows from (4.1) that 
f(xo,Yo) - minuexf(u ,  yo) <_ lim infn-.oo[f(xn,yn) - minuexf (u ,  yn)] <_ O. 
Hence, we obtain that xo • X,  Yo • F(xo) and 
S(z0,y0) < f(u, yo), vu  • x .  
REMARK 4.1. Theorem 4.1 generalizes Theorem 2.1 of [20] from convex space to G-convex space 
without linear structure and the continuity of f is relaxed. Theorem 4.1 also generalizes Theo- 
rem 4 of [21], Theorem 2 of [22] Theorem 1 of [23] in several aspects. 
From Theorem 4.1, we deduce the following generalized equilibrium theorem. 
THEOREM 4.2. Let (X, F) be a compact G-convex space, Z be a topological space, and T • 
/g~(X, Z). Let ¢ : X x X x Z --* R be such that 
(i) ¢(x, y, z) is lower semicontinuous on X x X x Z and for each x • X, (y, z) ~ ¢(x, y, z) /s  
also upper semicontinuous on X x Z, 
(ii) for each (y, z) • X x Z, x ~-* ¢(x, y, z) is G-quasiconvex. 
Then there exist xo • X and zo • T(xo) such that 
¢(z0,x0,z0) < ¢(u, zo, zo), Vu • X. 
PROOF. Let Y = X x Z and define a mapping F : X ~ 2 Y and a function f : X × Y --, R by 
F(x )={x}×T(z )  and f (x , (y , z ) )=¢(x ,y ,z ) ,  VzeX, (y ,z )  eZ×Z.  
Then F • I J~(X,Y) ,  and all conditions of Theorem 4.1 are satisfied. By Theorem 4.1, there 
exist x0 • X and (Y0, z0) • F(xo) such that 
¢(xo,yo, zo) < ¢(u, y0, z0), vu • x .  
Clearly, (Yo, zo) • F(xo) = {x0} x T(xo) implies x0 = Y0 and (xo, zo) • Gr(T).  This completes 
the proof. 
REMARK 4.2. Theorem 4.2 generalized Theorem 2.2 of [20] from convex space to G-convex space 
without linear structure. By applying Theorems 4.1 and 4.2, we can obtain the generalization of
the responding results in [20], we omit. 
The following results extends a number of known existence theorem of solutions of abstract 
generalized variational inequalities. 
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THEOREM 4.3. Let (X,D;F)  be a compact G-convex space, Z be a topological space, and 
T E lg~(X, Z). Let ¢ : D x X x Z ~ R be such that 
(i) for each x E D and z E T(x), ¢(x, x, z) _< O, 
(ii) for each x E D, (y, z) ~-* ¢(x, y, z) is lower semicontinuous on X x Z, 
(iii) for each (y, z) E X x Z, x ~ ¢(x, y, z) is G-quasiconcave on D. 
Then there exist Xo E X and zo E T(xo) such that 
¢(x, xo, zo) <_ O, Vx E D. 
PROOF. Since X is compact, we may assume that T E/go(X, Z), and hence, T is upper semi- 
continuous with compact values. Let Y = Gr(T) -- {(y, z) E X x Z : z E T(y)} and define a 
mapping F : X ~ 2 v by 
F(x) = {x} x T(x) = {(x, z) E X x Z :  z E T(x)}, Vx E X. 
Then we have F E/go(X, Y), and by the compactness of X and Proposition 3.1 11 of [18], 
F(X)  is compact. Hence, F is a compact mapping. Suppose that the conclusion of Theorem 4.3 
is not true, then for each y E X and z E T(y), there exists x E D such that ¢(x, y, z) > 0. Define 
a mapping G : Y -~ 2 D by 
G((y,z)) = {x E D: ¢(x,y ,z)  > 0}, V(y,z) E Y = Gr(T). 
Then for each (y, z) E Y, G((y, z)) ~ 0. By Condition (ii), we have that for each x E D, 
G- l (x)  = {(y,z) E Y : ¢(x,y,z)  > 0} is an open set in Y. Hence, G satisfies Condition (i), 
Theorem 2.2. From Condition (iii), it follows that for each (y, z) E Y, G((y, z)) is G-convex. By 
Theorem 2.2 (with G = T), there exists (x0, (Y0, z0)) E D x Y such that x0 E G((yo, zo)) and 
(Yo, zo) E F(xo) = {x0} x T(xo). It follows that x0 = Yo, (xo, z0) E Gr(T), and ¢(x0, x0, zo) = 
¢(x0, x0, zo) > 0 which contradicts Condition (i). Hence, the conclusion of Theorem 4.3 must 
holds. 
REMARK 4.3. Theorem 4.3 improves and generalizes Theorem 1 of [24] in the following ways: 
(1) from convex spaces to G-convex spaces, 
(2) Condition (i) is weaker than Condition (1) of Theorem 1 in [24], and our argument method 
is different from those in [24]. Theorem 4.3 includes many known results on various classes 
of variational inequalities, see [24] and the reference therein. 
THEOREM 4.4. Let (X,D;F)  be a G-convex space and K be a nonempty compact subset of a 
topological space Y. Let T : X ~ 2 Y be a set-valued mapping with nonempty compact values 
and ¢ : X x Y x D -~ R be such that 
(i) ¢(x, y, z) is O-transfer compactly upper semicontinuous at x with respect o T, 
(ii) for each (x, y) E X x Y,  the function z ~-* ¢(x, y, z) is G-quasiconvex, 
(iii) for each (x,z) E X x D, the function y ~ ¢(x,y,z)  is upper semicontinuous on Y and the 
set {y E T(x) : ¢(x, y, z) _> 0} is acyclic, 
(iv) for each N E JC(D), there exists a nonempty compact G-convex subset LN of X contain- 
ing N such that 
LN \ U cint ({x E X : supveT(x)¢(X, y, Z) < 0}), 
xELN 
(v) for each x E D, there exists y E T(x) such that ¢(x, y, x) _> 0. 
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Then there exist xo • K and Yo • T(xo) such that 
¢(x0, y0, z) > 0, V z • D. 
PROOF. We first show that there is a point ~ • K such that 
supveT(~)¢(5, y,z ) >_ 0, VZ • D. 
If it is false, then for each x • K,  there is a point z • D such that supyeT(x)¢(x, y z) < O. 
Define a mapping G : X ~ 2 D by 
G(x) = {z • D : supueT(x)¢(x, y z) < 0}. 
Then G(x) ~ 0 for each x • K. By Condition (i), G has the compactly local intersection 
property, and hence, Conditions (i) and (iii) of Theorem 2.3 are satisfied. Condition (iv) implies 
that Condition (iv) of Theorem 2.3 is satisfied. Now, we claim that for each x • X,  G(x) is 
C-convex. For each N • ~'(G(x)) C ~(D), we have 
supyeT(x)¢(x,y,z) < O, V Z • N. 
Hence, there is a constant r • t t  such that 
¢ (x ,y ,z )<r<0,  V z • N, y • T(x). 
From Condition (ii), it follows that for each v e F(N) and for each y E T(x), we have ¢(x,y,v) <_ 
r < 0, and hence, for each v e F(N), supvET(x)¢(X, y, v) < 0. It follows that F(N) C G(x) and 
G(x) is C-convex. Note that (cint G-1)-l(x) C G(x) for each x E X, Condition (ii), of Theorem 
2.3 with G = T is satisfied. By Theorem 2.3 with G = T, there exists ~ E D such that ~ E G(~), 
i.e., ¢(~,y,~) < 0, Vy e T(~). The fact contradicts Condition (v). Therefore, there exists a 
point 5 E K such that 
sup~T(~)¢(5,y,z ) >_ O, V z E D. 
Since T(5) is compact and for each z E D, y ~-, ¢(5, y, z) is upper semicontinuous, wehave that for 
each z e D, there is a point y(z) e T(5) such that ¢(5, y(z), z) > O. Define a mapping F : D 
2 T(~) by F(z) -- {y e T(5) : ¢(5, y, z) _> 0}. By Condition (iii), F has nonempty compact acyclic 
values and closed graph, and hence, F e V(D,T(5)) C U~(D,T(~)) is a compact mapping. If 
the conclusion of Theorem 4.4 is not true, then for each y E T(5)k, there is a point z E D such 
that ¢(5,y,z) < 0. Define a mapping G1 : T(~) --* 2 D by GI(y) = {z • D : ¢(~,y,z) < 0}. 
By Condition (ii), for each y • T(5), GI(y) is C-convex. From the upper semicontinuity of the 
function y ~ ¢(~,y,z), it follows that for each z • D, G-~l(z) = {y • T(5) : ¢(5,y,z) < 0} 
is open in T(&), and hence, G1 satisfies Condition (i) of Theorem 2.2. Hence, all conditions of 
Theorem 2.2 are satisfied. By Theorem 2.2, there exists (~,~) • D x T(5) such that £ • GI(~) 
and ~ • F(~). It follows that ¢(5, ~, ~) < 0 and ¢(5, Y, z) >-- 0 which is impossible. Therefore, the 
conclusion of Theorem 4.4 holds. 
REMARK 4.4. If T and ¢(x, y, z) are both upper semicontinuous, then it is easy to show that 
Condition (i) of Theorem 4.4 is satisfied. If X is also compact, by letting X = K = L~, 
Condition (iv) is satisfied trivially. Hence, Theorem 4.4 improves and generalizes Theorem 2.2 
of [25], Theorem 1 of [26l, and Theorem 1 of [27] in the following ways: 
(1) from compact H-spaces to noncompact C-convex spaces; 
(2) the continuity of ¢(x, y, z) is relaxed. Theorem 4.4 also includes Lemma B of [28] and 
Theorem 6 of [29] as many special cases. 
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COROLLARY 4.1. Let  (X ,  D, F) be a compact G-convex space and Y be a topological space. Let  
T : X --* 2 Y be a upper semicontinuous set-valued mapping with nonempty  compact values and 
¢ : X x Y x D ~ R is a upper semicontinuous function such that 
(i) for each (x, y) E X x Y ,  z ~-~ ¢(x, y, z) is G-quasiconvex, 
(ii) for each (x, z) E X x D, the set {y E T (x )  : ¢(x, y, z) _> O} is acyclic, 
(iii) for each x E D, there is a point y E T (x )  such that ¢(x, y, x) _> O. 
Then there exist xo E X and Yo E T(xo)  such that 
¢(x0, Y0, z) _> 0, V z E D. 
PROOF. Since T is upper semicontinuous with compact values and ¢(x, y, z) is upper semicon- 
tinuous on X x Y x D, it follows from Proposition 3.1.21 of [18] that for each z E D, the 
function x ~ suP~eT(x)¢(x, u, z) is upper semicontinuous on X,  and hence, for each z E D and 
for any A E R,  the set {x E X : supyeT(x)¢(x , u, z) < A} is open in X.  In particular, ¢(x, y, z) 
is 0-transfer compactly upper semicontinuous in x with respect to T, and hence, Condit ion (i) 
of Theorem 4.4 is satisfied. Letting K = LN = X ,  Condition (iv) of Theorem 4.4 is satisfied 
trivially. Hence, the conclusion of Corollary 4.1 follows from Theorem 4.4. 
REMARK 4.5. Corollary 4.1 generalizes Theorem 2.2 of [25], Theorem 1 of [26], and Theorem 1 
of [27] from H-spaces to G-convex spaces. 
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